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We present results from a fully relativistic Monte Carlo simulation of diffusive shock acceleration (DSA) in
unmodified (i.e., test-particle) shocks. The computer code uses a single algorithmic sequence to smoothly span
the range from nonrelativistic speeds to fully relativistic shocks of arbitrary obliquity, providing a powerful
consistency check. We show the dependence of the particle spectrum, which can differ strongly from the
canonical f(p) ∝ p−4.23 result, on the obliquity and on the strength and “fineness” of scattering for a range of
shock Lorentz factors. The Monte Carlo results are also shown to be consistent with a simple relation for the
spectral index given by Keshet and Waxman[10] in parallel shocks when the diffusion is “fine” and isotropic.
1. Introduction
Most work on diffusive shock acceleration (DSA) in relativistic shocks has been restricted to the ultra-relativ-
istic regime with magnetic fields assumed parallel to the shock normal. However, trans-relativistic shocks are
certain to be important in some sources and, in general, relativistic shocks will have highly oblique magnetic
fields. Here we consider test-particle diffusive shock acceleration in shocks of arbitrary obliquity1 and with
arbitrary Lorentz factors, γ0. We consider only particle acceleration in plane, unmodified (i.e., test-particle)
shocks where effects on the shock structure from superthermal particles are ignored. In contrast to nonrelativ-
istic shocks, the details of particle scattering strongly influence the superthermal particle populations produced
in trans-relativistic and ultra-relativistic shocks (see [1][2][12] for example). Unfortunately, these details are
not known with any reliability so the results of all current models of DSA depend on the particular scattering
assumptions made. We use a simple, parameterized model of particle diffusion (described in detail in [6])
which we believe adequately describes the main features of particle transport. Until a self-consistent theory of
wave-particle interactions in relativistic shocks is produced, parameterization will be necessary.
2. Model and Results
The acceleration process is modeled with a Monte Carlo simulation where thermal particles are injected far
upstream and followed as they diffuse through the shock (for full details, see [6] and references therein).
Scattering is elastic and isotropic in the local plasma frame and the scattering mean free path λ in the local
frame is proportional to the gyroradius rg . We simulate small-angle scattering by allowing the tip of the
particle’s fluid-frame momentum vector p to undergo a random walk on the surface of a sphere. After a small
time δt the momentum undergoes a small change in direction of magnitude δθ within a maximum angle δθmax.
If the time in the local frame required to accumulate deflections of the order of 90◦ is identified with the
collision time tc = λ/vp, [7] showed that δθmax =
√
6δt/tc, where δt is the time between pitch-angle
scatterings. We take λ proportional to the gyroradius rg = pc/(eB) (e is the electronic charge and B is the
local uniform magnetic field in Gaussian units), i.e., λ = ηmfp rg , where ηmfp is a measure of the “strength” of
scattering. The strong scattering limit, ηmfp = 1, is called Bohm diffusion and in this limit, cross-field diffusion
is important. Setting δt = τg/Ng, where Ng is the number of gyro-time segments δt, dividing a gyro-period
τg = 2pirg/vp, we have δθmax =
√
12pi/(ηmfpNg). Large values of Ng result in “fine” scattering where it
is assumed that magnetic field fluctuations exist on all scales so that δθ can be arbitrarily small. The DSA
1Oblique shocks are those where the angle between the upstream magnetic field and the shock normal, θB0, is greater than 0◦ . Parallel
shocks are those with θB0 = 0◦. Everywhere in this paper we use the subscript 0 (2) to indicate upstream (downstream) quantities.
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distribution, f(p), becomes independent of Ng when it is large enough such that δθ ≪ 1/γ0, otherwise large-
angle scattering (LAS) effects become important. Thus, the scattering properties of the medium are modeled
with the two parameters ηmfp and Ng and, along with γ0 and θB0, this yields, in the high Mach number limit,
four independent parameters characterizing DSA.
Figure 1. Test-particle spectra for shock Lorentz factors γ0 = 3 (left panel) and γ0 = 10 (right panel) (note that p4.23f(p)
is plotted). For γ0 = 3, the shock compression ratio, as determined in [4], is r = 3.16. For γ0 = 10, r = 3.02. The listing
of line types applies to both panels. The light-weight solid curves labeled LAS show the effects of large-angle scattering,
all other curves have δθ ≪ 1/γ0. All spectra are calculated at the shock in the shock frame.
In Fig. 1 we show examples where these four parameters are varied. We plot p4.23f(p) for a trans-relativistic
γ0 = 3 and a more fully relativistic γ0 = 10. In all cases except the two marked LAS, Ng is large enough so
that δθ ≪ 1/γ0. In the two LAS cases, the effects of large-angle scattering are clearly seen.
In the limits δθ ≪ 1/γ0 and γ0 ≫ 1, DSA produces a power law f(p) ∝ p−4.23, independent of θB0 or
ηmfp (see [2]). The heavy solid curve in the right panel of Fig. 1 shows that for θB0 = 0◦ and ηmfp = 1, the
canonical power law is obtained. However, even with δθ ≪ 1/γ0, f(p) can be much steeper than this for larger
values of θB0 and ηmfp. We showed in [6] that effects of θB0 and ηmfp diminish with increasing γ0 but persist
noticeably to at least γ0 = 30.
The curves labeled LAS in Fig. 1 both have θB0 = 0◦ and ηmfp = 1, but here Ng is small enough so particles
make large deflections in individual scattering events. Large-angle scattering will be important whenever
ηmfpNg is small enough so that δθmax 6≪ 1/γ0 and, in principle, could occur even in the shocks expected
when a γ-ray burst fireball expands ultra-relativistically into the interstellar environment.
Keshet and Waxman[10] have presented the following analytic expression for the power-law spectral index
σKW
σKW =
(
3β0 − 2β0β
2
2 + β
3
2
)
/ (β0 − β2) , (1)
where β0 (β2) is the speed of the upstream (downstream) fluid normalized to the speed of light. This expression,
which assumes that the shock is parallel and that δθ ≪ 1/γ0, depends only on the shock Lorentz factor and
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Figure 2. Comparison of Monte Carlo spectra (solid histograms) with the analytic result given in [10] (dotted lines).
p4.23f(p) is plotted and the normalization is arbitrary.
the compression ratio. The compression ratio must be determined independently. In Fig. 2 we compare Monte
Carlo spectra to eq. (1) for several γ0. The Monte Carlo results use the solution to the shock jump conditions
(including the equation of state) calculated in [4] to determine r and this value is used in eq. (1) (i.e., β2 = β0/r)
and listed in Fig. 2. The match between the two models is quite good in this trans-relativistic range and will
improve outside of this range.
3. Discussion and Conclusions
In nonrelativistic shocks, the test-particle power law from DSA depends only on the shock compression; it is
independent of the details of diffusion, on the strength of scattering, and on the obliquity (i.e., independent of
Ng , ηmfp, and θB0). In relativistic shocks, particularly trans-relativistic ones, test-particle spectra can depend
strongly on these parameters. We have shown examples with various Ng, ηmfp, and θB0 and, in general, the
power law steepens if ηmfp > 1 and/or θB0 > 0◦. The parameter Ng determines the fineness of scattering and
if Ng is small enough so that δθmax 6≪ 1/γ0, large departures from a power law can occur and the spectrum
can become harder than p−4.23 even for ultra-relativistic shocks. In addition, as have shown that the simple
analytic result given in eq. (1) [10] matches our Monte Carlo results for parallel shocks and when δθ ≪ 1/γ0.
The parameterization of diffusion used in the Monte Carlo technique is useful for investigating the behavior
of DSA in relativistic shocks. It makes fewer approximations than analytic models and can cover a far larger
dynamic range than any current particle-in-cell (PIC) simulation. Nevertheless, the actual diffusion depends
on the self-consistent generation of magnetic turbulence by the accelerated particles and is inherently complex
and has not been described adequately even for nonrelativistic shocks (see, for example, [11]). In fact, the
correct form for the magnetic power spectrum in self-generated, relativistic turbulence will not be known until
PIC simulations can perform this calculation. Unfortunately, the treatment of these problems using PIC codes
is beyond current computing capabilities for three basic reasons: (i) To correctly describe cross-field diffusion
4 Donald C. Ellison
and other physics of the viscous subshock, PIC simulations must be done fully in 3-D [8][9]. If 1- or 2-D
simulations are used, cross-field diffusion, an essential element in DSA, is unrealistically suppressed; (ii) If
electrons are to be understood, electrons and protons must be modeled simultaneously (except for pair plasma
shocks), and the simulation must treat widely disparate inertial scales, greatly adding to the run time; and (iii)
In order for nonlinear effects to become apparent or field generation to occur on large scales, simulations must
be run long enough in a large enough box with enough particles for a significant population of extremely ener-
getic particles to be produced. The combination of these three requirements means that, while PIC simulations
can add to our knowledge of critical aspects of the injection problem and the start of magnetic field generation
process (e.g., [13]), they will not be able to model the injection and nonlinear acceleration of electrons and ions
to energies relevant to ultra-high energy cosmic rays or GRBs until computers more powerful than exist today
become available.
While we have only discussed test-particle acceleration, nonlinear effects, where the accelerated particles mod-
ify the shock structure, may be important in relativistic shocks (see [5]), and in fact, most models of γ-ray bursts
assume that relativistic shocks efficiently accelerate electrons. If this is the case, test-particle spectra may not
be good approximations. This is certainly true for DSA in trans-relativistic shocks, where the harder intrinsic
power law will naturally lead to a nonlinear feedback on the shock structure.
Nonlinear effects will also influence the distribution of energy between electrons and protons (e.g., [3]) and
modify the shape of the distribution at low energies, i.e., near the sharp peaks at ∼ γ0 in Figs. 1 and 2 (i.e.,
[5]). These issues are critical for γ-ray burst models.
Acknowledgements: D.C.E. wishes to acknowledge support from a NASA grant (ATP02-0042-0006) and the
KITP (Santa Barbara) under NSF Grant No. PHY99-0794.
References
[1] Bednarz, J. & Ostrowski, M., 1996, MNRAS, 283, 447
[2] Bednarz, J. & Ostrowski, M., 1998, Phys. Rev. Letts, 80, 3911
[3] Double, G. P. 2003, Ph.D. Thesis, North Carolina State Univ.
[4] Double, G. P., Baring, M. G., Jones, F. C., & Ellison, D. C., 2004, ApJ, 600, 485
[5] Ellison, D. C. & Double, G. P. 2002, Astropart. Phys., 18, 213
[6] Ellison, D. C. & Double, G. P. 2004, Astropart. Phys., 22, 323
[7] Ellison, D. C., Reynolds, S. P., & Jones, F. C., 1990, ApJ, 360, 702
[8] Jokipii, J. R., Ko´ta, J. & Giacalone, J. 1993, 1993, G.R.L., 20, 1759
[9] Jones, F. C., Jokipii, J. R. & Baring, M. G. 1998, 1998, ApJ, 509, 238
[10] Keshet, U., & Waxman, E. 2005, Phys. Rev. Letts, 94, 111102-1
[11] Malkov, M. A. & Drury, L. O’C. 2001, Rep. Prog. Phys., 64, 429
[12] Niemiec, J., & Ostrowski, M. 2004, 2004, ApJ, 610, 851
[13] Nishikawa, K.-I. et al. 2005, 2005, ApJ, 622, 927
